In this Research Note the Zwanzig's formulation of the Stokes-Einstein (SE) relation for simple atomistic fluids is re-examined. It is shown that the value of the coefficient in SE relation depends on the ratio of the transverse and longitudinal sound velocities. In some cases, this ratio can be directly related to the pair interaction potential operating in fluids and thus there can be a certain level of predictivity regarding the value of this coefficient. This Research Note provides some evidence in favour of this observation. In particular, analyzing the situation in several model systems such as one-component plasma, Yukawa, inverse-power-law, Lennard-Jones, and hard-sphere fluids, it is demonstrated that there are certain correlations between the interaction softness and the coefficient in SE relation. The SE coefficient is also re-evaluated for various liquid metals at the melting temperature, for which necessary data are available.
where c is a numerical coefficient: c = 6 or c = 4 corresponds to the "stick" or "slip" boundary condition at the sphere surface, respectively. When the size of the tracer sphere decreases and tends to the size of atoms or molecules of the medium, the actual size of the sphere in Eq.
(1) has to be replaced by the so-called hydrodynamic radius R H , which can depend on details of the interaction between the sphere and the atoms or molecules of the medium. Going further down to atomistic scales, when self-diffusion of atoms in simple pure fluids is considered, the SE relation takes the form [1] [2] [3] [4] [5] Dη(∆/T ) = α,
where ∆ = ρ −1/3 is the mean interparticle separation, which now plays the role of the effective tracer sphere diameter, and ρ is the density. Sometimes Eq. (2) is written in terms of the Wigner-Seitz radius a = (4πρ/3) −1/3 0.620∆. In view of Eq. (1) the coefficient α can be expected to vary between 1/3π 0.106 and 1/2π 0.159 for the stick and slip boundary condition, respectively.
Perhaps one of the simplest and transparent variants of the SE relations for simple fluids has been derived by Zwanzig from the relations between the transport coefficients and properties of collective excitations. 2 His result for the self-diffusion coefficient is
where m is the mass, c l and c t are the longitudinal and transverse sound velocities, related to the elastic response of fluids to high-frequency perturbations, 6 and τ is the 
Equation (4) implies that the actual value of α depends on the ratio of the transverse and longitudinal sound velocities. 8 In some cases, this ratio can be unambiguously related to the pair interaction potential operating in fluids and then there is a certain level of predictivity regarding the value of α. The purpose of this Research Note is to provide some related evidence.
(i) For soft long-ranged repulsive interactions the strong inequality c l c t holds. A good example is the one-component plasma (OCP) model with Coulomb (∝ 1/r) interaction between the particles. non-acoustic character ω ω p , where ω p is the plasma frequency, and thus c t /c l ≡ 0. We should expect α 0.13 in this case, which is in fair agreement with the reported OCP result of α 0.14, based on extensive molecular dynamics (MD) simulations.
10 Similar situation occurs for the weakly screened Yukawa (screened Coulomb) potential, ∝ exp(−r/λ)/r, when the screening parameter is κ = a/λ ∼ O(1). This regime of interaction is of significant interest, because it often serves as a first approximation of actual interactions in complex (dusty) plasmas and colloidal suspensions.
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The ratio of transverse-tolongitudinal sound velocity in strongly coupled Yukawa fluids is plotted in Fig. 1 (this is a new calculation based on the approach from Ref. 16 ). The condition c l c t for the considered soft long-range repulsive interaction correlates very well with the coefficient α 0.126 reported recently from the analysis of a large body of independent data on shear viscosity and self-diffusion coefficients of strongly coupled Yukawa fluids. 4, 17 (ii) For steeper repulsive potentials the ratio of transverse to the longitudinal sound velocity increases to 0.5 (see Fig. 1 ). For instance, for the inverse-power-law (IPL) repulsive potential, ∝ r −n , the sound velocity ratio can be roughly expressed (for n > 3) as
where only the configurational contribution to the sound velocities (dominant at high densities) is retained. In the regime 4 < n < 10, the sound velocity ratio increases from 0.28 to 0.48. The corresponding SE coefficient varies from 0.14 to 0.15. This correlates very well with MD simulations results from Ref. 19 , which are scattered around α 0.15 in the considered softness range.
(iii) Similar picture is characteristic for dense LennardJones (LJ) liquids not too far from the fluid-solid coexistence, as Fig. 2 shows (this figure reports a new calculation, the details will be given elsewhere). For the present purpose, it is important that for densities above the 24 it is difficult to get an accurate enough estimate of c t /c l from the data presented. A recent calculation, based on Miller's expressions for the shear and bulk moduli of HS fluids, 25 has reported c t /c l 0.38 in the dense fluid regime (this indicates that the dependence of c t /c l on the potential softness can be non-monotonous). This sound velocity ratio produces α 0.14, which is somewhat below MD simulation results, placing α in the range from 1/2π 0.159 to 1/6 0.167 in the dense HS fluid regime. 3 On the other hand, the used theoretical value of c t /c l is consistent with the Poisson's ratio ν ∼ 0.4 of an fcc HS solid at a thermodinamically unstable density corresponding to fluid-solid coexistence 26 (the ratio of the elastic sound velocities is not expected to vary much across the fluid-solid phase transition). More detailed analysis of the important HS interaction limit is clearly warranted.
(v) Quite generally, since the Poisson's ratio can vary between −1 and 1/2 for stable isotropic materials, 27 the sound velocity ratio has an upper limit of √ 3/2, resulting in the upper limit of α 0.181 as obtained by Zwanzig. (vi) March has pointed out the relevance of the Zwanzig result (2) for liquid metals above their melting temperature. 30 The actual interaction potentials operating in various liquid metals are quite complex and seldom known accurately. However, some properties can be already explained based on soft repulsive interactions (e.g. of Yukawa type). Therefore, it makes sense to compare existing experiemental results with theoretical expectations. For liquid metals the actual ratio of sound velocities is again seldom known. Sometimes it is assumed to be around c t /c l 1/ √ 3 0.58, based on the generalized Cauchy relation. 31 Experimentally determined values for Fe, Cu, and Zn are somewhat lower, within the range c t /c l 0.43 − 0.48. 32 All this points towards α 0.15 for liquid metals. The coefficient α at the melting temperature has been re-evaluated here for those liquid metals, for which simultaneous data on diffusion and viscosity coefficients are available. For some elements, in particular for alkali metals, the experimental values of α are reasonably close to the above expectation, as documented in Table I . There are, however, liquid elements for which experimental values of α are significantly higher and even exceed the maximum possible value of the Zwanzig model. For example, α 0.209 (Zn), 0.192 (Hg), 0.219 (Ga), 0.187 (Sn), and 0.224 (Pb), according to the data tabulated in Ref. 28 . Whether there are some physical explanations behind these deviations, or this merely reflects the quality of the data presently available needs to be clarified.
(vii) It is known that self-diffusion coefficients obtained from MD simulations may depend on the simulation cell size. A correction of the form
has been suggested in the literature. 33, 34 Here D ∞ is the infinite-size system diffusion coefficient, D N is the diffusion coefficient evaluated from the simulation of N particles in a cubic cell of size L with periodic boundary conditions. This correction has demonstrated reasonable quantitative accuracy when applied to simulations of water, LJ fluids, and HS fluids. In contrast to diffusion, the shear viscosity does not exhibit pronounced systemsize dependence for these systems. 34 Two related comments are appropriate here. First, some of the MD data discussed above are corrected for the finite system size (e.g. those from Ref. 3 ), but some are apparently not. Such a correction would somewhat increase the actual value of the SE coefficient. Second, using the identity ρL 3 = (L/∆) 3 = N and assuming an "average" value of SE coefficient α = 0.15 (that is D N η∆/T 0.15) we immediately get from Eq. (6):
This particularly simple expression for system-size corrections can be useful when results from different simulations are compared. Equation (7) indicates that for a system of N = 1000 particles the MD-based self-diffusion coefficient can be 10% lower than that in a similar infinite system. To summarize, the Zwanzig's approximate theory for the relation between the coefficients of self-diffusion and viscosity of fluids has been re-examined. The advantage of Zwanzig's formulation, compared to the original SE formula, is that it does not require the choice of an effective hydrodynamic diameter and of the appropriate boundary condition (e.g., stick or slip). For simple fluids, the coefficient in SE relation can be expressed using the ratio between the transverse and longitudinal sound velocities. Within the Zwanzig's theory the SE coefficient α is bounded by 0.13 from below and 0.18 from above. It has been demonstrated here that for soft repulsive interactions the value of the SE coefficient tends to its lower boundary. In other cases considered, including LJ and HS interactions, the theoretical value of α is close to 0.15. For many liquid metals the experimental value of the SE coefficient falls in the expected range. There are, however, some metal elements for which α is considerable higher. One of the potential further developments is to understand whether this discrepancy is due to a more complex physics involved or just reflects the accuracy of the experimental data presently available.
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